We study scaling properties of the honeycomb fully packed loop ensemble associated with a lozenge tiling model of rough surface, when the latter is driven out of equilibrium by Kardar-ParisiZhang (KPZ) type dynamics. We show numerically that conformal invariance and signatures of critical percolation appear in the stationary KPZ state. In terms of the two-component Coulomb gas description of the Edwards-Wilkinson stationary state, our finding is understood as the invariance of one component under the effect of the non-linear KPZ term. On the other hand, we show a breaking of conformal invariance when the level lines of the other component are considered.
I. INTRODUCTION
Non-equilibrium stationary states in driven systems often display scale invariance, and an important question is whether it can be extended to conformal invariance. In particular, on the 2-d plane, the existence of conformal invariance, which is infinite-dimensional, would have powerful implications on our theoretical understanding of non-equilibrium states of (2 + 1)-d systems. Traces of conformal invariance are rare to find, and the answer to this question is unclear from a theoretical viewpoint.
One remarkable positive result was obtained by Bernard et al [1] in the context of 2-d incompressible NavierStokes turbulence. Strong numerical evidence suggested that zero-vorticity lines behave as cluster frontiers of critical percolation. The unexpected appearance of percolation in this context has raised great interest, yet still awaits a thorough understanding. In particular, does the presence of percolation teach us something on the turbulent state ? Is there a link between it and other contexts where critical percolation signatures occur, e.g., nodal domains of wave functions in quantum chaos [2, 3] or kinetic Ising ferromagnet [4] ?
Recently, Saberi et. al. [5] applied the idea (put forward initially by Kondev and Henley [6] ) of studying loop ensembles to the (2+1)-d Kardar-Parisi-Zhang(KPZ) equation [7] ,
This is a fundamental model of irreversible surface growth, and it also describes the turbulence without pressure [7, 8] , among other phenomena (for a recent review, see [9] ). Saberi et. al. observed numerically that level lines of stationary KPZ surface behave like self-avoiding walks, and so enjoy conformal invariance. This claim remains controversial [10] and worrisome caveats [11] have not been resolved. Nevertheless, in this Letter we will show that, on KPZ rough surface models one can define a different loop ensemble which is conformal invariant and displays properties of critical percolation. In particular, it passes stringent tests involving 3-point correlations, whereas KPZ level lines fail them. Moreover, we can understand our finding in terms of field theory. 
II. MODEL AND NUMERICAL IMPLEMENTATION
We will focus on the model whose configurations are tiling of unit cubes of the cubic lattice (or, in a 2d viewpoint, lozenge tiling of the plane). As shown in Fig. 1 left, a height function h is naturally defined on it. By linking middle points of each lozenge in this way (and similarly for the other two lozenge kinds, as in Fig. 1  right) , one establishes a bijection between lozenge tiling configurations and honeycomb-lattice fully packed loop configurations. Olejarz et. al. [12] proposed the following stochastic unit cube deposition process : for each time interval dt, an eligible move as shown below is chosen randomly :
→ . This dynamics is known to be in the KPZ universality class [13] : The coarse-grained limit of h satisfies Eq. 1 in the continuum. Symmetrising the above dynamics, we obtain a growth model described by the Edwards-Wilkinson(EW) equation,i.e., KPZ equation (1) with λ = 0 : ⇋ . It is interesting to represent lozenge tiling configurations in terms of Ising spin configurations on the triangular lattice. In fact, see Fig. 2 middle and right, given such a spin configuration which is maximally antiferromagnetic (i.e., for each elemental triangle, the spins on its 3 vertices are not the same), a lozenge tiling can be constructed by removing (from the triangular lattice) all the lattice edges connecting equal spins. The fully packed loops are then identical to the spin interfaces separating clusters of same spins. Therefore, standard methods for constructing spin clusters and boundaries can be applied to both lozenge tiling models and triangular-lattice site percolation. (In terms of the height h, the Ising spin is obtained by σ := exp(iπh), i.e., ±1 according to parity of h.)
With this representation, the dynamics EW and KPZ are single-flip dynamics of Ising spins. In each trial, a site is picked at random and its spin σ is compared to that of its 6 nearest neighbours, σ 0 , . . . , σ 5 (in circular order, with σ 0 pointing up). For EW, the central spin is flipped if σ = σ 0 = σ 2 = σ 4 or if σ = σ 1 = σ 3 = σ 5 (this corresponds to a Metropolis Monte Carlo dynamics) ; for KPZ, the central spin is flipped only if σ = σ 1 = σ 3 = σ 5 (this is a non-equilibrium dynamics). It is not hard to see that in terms of lozenge tiling, the dynamics just described is equivalent to the respective ones defined above. The number of lozenges of each type are preserved by the dynamics, and we choose to stay in the sector with equal number of lozenges of each type. This is assured by starting from the flat initial condition depicted in Fig. 3 middle. We let the system attain the stationary regime before constructing loop ensembles ; snapshots of typical long loops are shown in Fig. 3 
left(EW) and right(KPZ).
Some care is needed to ensure the compatibility with the toroidal periodic boundary condition (p.b.c). Indeed, see Fig. 2 left, let e 1 and e 2 be basis vectors of the triangular lattice edges forming 120 degrees(in terms of Euclidean inner products (e 1 , e 1 ) = (e 2 , e 2 ) = 1, (e 1 , e 2 ) = −1/2), then the triangular lattice is partitioned into three sub-lattices generated by E 1 = e 1 + 2e 2 and E 2 = e 1 − e 2 , and the flat configuration is the one with up spin on one sub-lattice and down on the other two (see Fig. 3 
middle).
We fix our p.b.c for a system of size L by identifying LE 1 ≡ LE 2 ≡ 0, preserving the tri-partition and thus being compatible with the flat configuration.
Data presented below are obtained on systems of size up to L = 2048. For each measure, 1e3 ∼ 1e4 samples are generated, extending over a time scale corresponding to 1e4 ∼ 1e5 elemental moves per lattice site.
A. Fully packed loops and level lines
The stationary state of EW dynamics has the same weight for all tiling configurations and coincides therefore with the well-known fully-packed loop model (which we shall call the EW FPL henceforth). Many results were obtained by Bethe Ansatz, [14] and Coulomb gas approaches [15] . The EW FPL loop ensemble is conformal invariant and strictly related to critical percolation. In particular, the loops have the same fractal dimension D f = 7/4 (we define this notion below) as percolation frontiers. On the other hand, at the KPZ stationary state, the tiling configurations have different weights and no exact result is known. We will refer to the corresponding loop ensemble as KPZ FPL. We address the question whether the KPZ non-linear term affect the universality of EW FPL. For instance will the KPZ loop fractal dimension be different from the EW one ?
Let us recall that this is the case for level lines of h, which are obtained by connecting lozenge middle points in the other way , see Fig. 1 left. In the EW case, these lines are described in the continuous limit by the level lines of Gaussian free field and have therefore fractal dimension D lev. f = 3/2 [16] . In the KPZ case, the fractal dimension of the same lines was estimated numerically to be D lev. f ≈ 1.33 [5] . Here we show that the critical percolation nature of the fully packed loop ensemble persists under the KPZ dynamics.
III. SCALING EXPONENTS
The loop fractal dimension is related to a scaling relation between r, the distance between two extremities of a loop segment and l its length :
This scaling behaviour holds when a ≪ l ≪ L, where a is the lattice spacing and L is the loop total length. In practice, we average over loop segments of length l < 0.1L for L > 5e3. The result, shown in Fig. 4 main, suggests convincingly that fully-packed loops have D f = 7/4 for both EW and KPZ stationary state.
With the same loop segments at disposal, we also measure winding angle variance. For a length-parametrised curve segment r s (s ∈ [0, l]) of length l, let θ s be a continuous function satisfying dr/ds = (cos θ s , sin θ s ), i.e., its tangent direction angle, then its (end-to-end) winding angle is defined as w :
(where l 0 is a lattice-dependent constant), holds for conformal invariant curves of fractal dimension D f . As shown in Fig. 4 inset, the above formula, with D f = 7/4, agrees perfectly with KPZ and EW FPL. This strongly supports conformal invariance in the KPZ FPL ensemble.
We consider next the loop length distribution, expected to have a power law behaviour
The above scaling should be valid in an interval a ≪ L ≪ L max , L max being the system size cut-off. The definition of the exponent τ is the same as in [6] . For critical percolation frontiers, it is known exactly that τ = 15/7. In Fig.  5 main we superpose n(L) of KPZ and EW surface. The two distributions are indistinguishable in the scaling regime, where the power law is again in agreement with the percolation prediction. Using general scaling arguments, Kondev and Henley [6] derived a relation between the roughness exponent of a scaling invariant surface, and the exponents D f and τ associated to its level lines Setting D f = 7/4, τ = 15/7 one gets α = 0, which is true for any equilibrium critical loop model. But the fact that the same happens to KPZ is a priori unexpected. Note that this is not in contradiction with the non-zero roughness of the KPZ surface, as we recall that surface level lines form a different ensemble from FPL. One can give a meaning to the exponent α in Eq. (5) by constructing a surface whose level lines are the FPLs. In practice, we assign a height increment crossing each loop by choosing randomly one of the values ±1. The obtained height Table I : From left to right : a configuration contributing to P l (x1, x2, x3), a configuration contributing to Pc(x1, x2, x3), and a configuration not contributing to Pc(x1, x2, x3)
function [28] we denote h 2 . This field is the second component of the vector-valued height function (h 1 , h 2 ) in the Coulomb gas [15] approach to the FPL model. The other component h 1 is the lozenge height function h (see Fig. 1 left) introduced from the beginning. From a CFT viewpoint, Dotsenko et al [18] remarked that EW FPL can be described by the following effective action :
where the h 1 and h 2 degrees of freedom are decoupled (the decoupling was first found numerically by [19] ). The action S 2 [h 2 ] describes the critical percolation (dense O(n = 1) loop model, [20] ), while S 1 [h 1 ] is a free-boson CFT with central charge c = 1. The KPZ stationary state eludes any field-theoretical description, being far from equilibrium. Nevertheless, we put forward the hypothesis that correlation functions in the h 2 sector of the EW FPL are not affected by the KPZ dynamics, while those involving the field h 1 are. The results shown above supports this scenario. In particular, the field h 2 has logarithmic roughness for KPZ as well as for EW. This is also confirmed by explicit numerical measure of mean squared height difference in function of spatial separation Fig. 5 up inset. In the following, we provide further evidence of the above hypothesis by looking at 3-point correlation functions.
IV. 3-POINT STRUCTURE CONSTANTS AND CONFORMAL INVARIANCE
Until now, our hypothesis is corroborated by observables that can be related to 2-point functions. Yet truly profound predictions of CFT begin with 3-point functions. As illustrated in Table I , for k > 1, we consider the probability P l (x 1 , x 2 , . . . , x k ) (l oop k-point function) that x 1 , x 2 , . . . , and x k lie on the same loop, and P c (x 1 , x 2 , . . . , x k ) (cluster k-point function) the probability that, for any couple of points x i , x j , there exists a curve connecting them and not crossing any loop.
When k = 2, the CFT predicts P o (0, x) ∼ |x| −2xo , o = c, l, with x l = 1/4 and x c = 5/48 [20] . For k = 3, We consider the 3-point ratio
Global conformal invariance implies that C o is a constant, universal, which defines the CFT. For critical percolation, the exact value of C c has been predicted by Delfino and Viti [21] to be given by the Liouville CFT [22] . This conjecture was numerically confirmed [21, 23] . The exact value of C l is not known (see, however, [24] ), and to our knowledge numerical values are not published. [29] We determine the ratios C c and C l for EW and KPZ FPLs. The 3-point ratios are calculated for x, y and z forming equilateral triangles of varying radius ; different geometries have been checked for the independence of C o . The results are shown in the main plots of Fig. 6 , and compared to those obtained from critical site percolation frontiers on the triangular lattice. The numerics support strongly the following :
• 2-point functions P (l,c) of EW and KPZ FPLs agree with the percolation exponents x l = 1/4, x c = 5/48.
• It exists a scaling regime where the 3-point ratios are constant for EW and KPZ FPLs.
• The value of C c , which is the same for EW and KPZ FPLs, and the numerical result is in excellent agreement with Delfino-Viti's prediction for the critical percolation :
• The loop structure constant C l is the same for critical percolation, EW and KPZ FPLs, its numerical value is estimated to
We further collapsed this estimate against an independent measure on critical bond percolation on the square lattice. The above results are in agreement with our hypothesis that the conformal invariance in the h 2 sector is not broken by KPZ dynamics. Nonetheless, we remark that the EW-KPZ coincidence of the observables considered occurs not only in universal exponents, but often also in non-universal amplitudes. This appears far from trivial and begs an elementary explanation.
V. h1 SECTOR OBSERVABLES
Contrary to what can be suggested by the results of the previous section, we emphasize that the EW and KPZ FPLs are not identical. It indeed suffices to encode some information on h 1 in the FPLs to see distinct behaviours for EW and KPZ. Here we show how to construct such observables of individual loops. For this, consider a loop segment of length l. 2 has logarithmic growth for EW and power-law for KPZ. Indeed, it can be shown that |δh(l)| = |h 1 (r 0 ) − h 1 (r l )| where r 0 and r l are the extremity positions of the loop segment. Thus, δh(l) encodes the roughness of h 1 (logarithmic for EW, positive power law for KPZ) into fully packed loops, explaining the observed distinct scaling behaviour. Note that the definition of δh differs from the winding angle w just by an alternative sign. To produce a second example, we consider the extremity displacement r(l) := l s=1 dr s , where dr s = (cos θ s , sin θ s ), which cannot distinguish KPZ and EW at long distance. On the contrary, the quantity δd(l) := l s=1 (−1) s dr s grows with distinct power laws for KPZ and EW fully packed loops (Fig. 7 right) . Again, one can realise that this measure encodes information from h 1 , whose roughness is also reflected in correlation of lozenge orientation. Denoting n 0 , n 1 and n 2 the number of lozenges of each orientation passed by the loop segment, it is not hard to see that (δd) 2 = n 0 + n 1 e i2/3π + n 2 e −i2/3π 2 and measures the deviation of n i 's from the expected average l/3.
We finally consider the 3-point ratio for the level lines (of height h 1 ), which is of more physical interest, see Fig.  1 left. Saberi et. al. conjectured that the KPZ level lines are in the universality class of self-avoiding walks. Here we compare loop 3-point ratio of KPZ level lines with that of external perimeters of critical site percolation clusters, since they are believed to be identical to selfavoiding walks [25, 26] . As we show in Fig. 8 , percolation external perimeters display a well-defined loop structure constant, whereas KPZ level lines do not. Finally, we observe that the loop 3-point ratio for EW level lines attains also a constant. This result, taken together with another incompatibility (noticed in [11] ) with hyper-scaling relations in [6] and estimates of KPZ roughness exponents [27] , casts doubt on the conformal invariance of KPZ level lines and their conjectured identification to self-avoiding walks.
VI. CONCLUSION
In this work, we have studied KPZ stationary state compared to the EW one on a natural discrete model. We have shown that, in terms of the two-component surface description, whereas h 1 undergoes dramatic change under the KPZ dynamics, the "hidden" component h 2 remains invariant. The fully packed loop ensemble associated with h 2 enjoys conformal invariance, and has critical properties indistinguishable from that of critical percolation. On the other hand, conformal invariance appears broken for level lines of h 1 . The decoupling of h 2 from h 1 in KPZ occurs exactly in the scaling regime, even if at the microscopic level, there is no a priori reason. We are left to wonder what implications, if any, our observations can have on field-theory of non-equilibrium stationary states in general, and on the genuine KPZ phenomenology in particular. 
